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INTRODUCTION 
Two sets A and B are said to have the same power if there 
exists a one-to-one correspondence between them. All sets which have 
the same power as the natural numbers are called countable and have 
power 5V0 . All sets which have the same po1,11er as the real numbers 
are said to have the power of the continuum, which is usually denoted 
by c. In this paper, the power of the continuum will be denoted by 
2
N° , since 2�0 can be shown to be equal to c as will be indicated in 
the preliminary results. 
Given an element a of a well-ordered set B, the set of all 
elements of B which precede a is called a segment of B. Every uncount­
able well-ordered set, all of whose segments are either finite or 
countable, is said to have powerJ½'. The Continuum Hypothesis is the 
hypothesis that the po1,11er of the continuum is %1 that is 2
No = %1.
In the sequel, this equality will be called hypothesis H. 
This paper presents a number of interesting propositions 
equivalent to hypothesis H. It is, in the most part, a translation from 
the first chapter of W. Sierpinski's book, Hypothese Du Conti nu. 
These propositions were first developed by W. Sierpinski in an attempt 
to prove hypothesis H. Even though hypothesis H has been shown to be 
independent of existin� axioms by Paul J. Cohen in 1963, these pro­
positions are still interesting in themselves. 
In this paper. a function of a real variable need not be single 
valued. A curve will mean any set of points (x,y) of the plane which 
satisfies an equation of the form 
2 
y = f(x) or x = f(y) 
where f is a sin�le valued function of a real variable. A family of 
increasing sets is defined as a family F, such that for any two sets 
of the family, one will always be a subset of the other. A linear 
set will mean any subset of real numbers. The lettere will represent 
the set of all real numbers and D will represent the set of all natural 
numbers. All Greek letters will represent ordinal numbers. The symbol 
0 will represent the empty set. 
It is assumed throughout this paper that the reader is familiar 
with the basic concepts of cardinal and ordinal numbers and with the 
topological concepts of nowhere dense set, perfect set, first category 
of Baire, countable base, measure zero, and G0 set. Some theorems
that are used in the support of this paper, but not directly a part 
of it, will be stated without nroof in the preliminary results. 
PRELIMINARY RESULTS 
1. Every set M can be well ordered.
2. The set of all ordinals less than i has ordinal number f.
3. Any well-ordered set is similar to a set of ordinal numbers.
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4. Any two ordinal numbers a,S satisfy precisely one of the three
relations
a < S, a = S, a > S. 
5. The power of the continuum, c = 2 nfo. 
6. Jl.f
1
. � 2 .l1fo
7. A countable union of countable sets is countable.
8. The set of all infinite sequences of real numbers has the power
of the continuum.
9. The set of all infinite sequences of natural numbers has the
power of the continuum.
10. 
11. 
12. 
There is no ca rdi na 1 number between _N
0 
and Slf 1 .
2 For any ordi na 1 number a,% = SU .a a 
The equationJU1 ·.su1 =%1 is equivalent to the statement that the
union of a family of powerN1 of disjoint sets of powerSU1 is a
set of power .ru
1
.
13. Any countable linear set is of the first category of Baire.
14. The family F of all linear nowhere dense perfect sets has power
1 ess than or equa 1 to 2N° .
15. Every linear set that is a countable union of nowhere dense sets
is contained in a countable union of nowhere dense linear perfect
sets.
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16. The family of all linear G
0 
sets has power 2Afo. 
17. A countably infinite union of sets of measure zero has measure 
zero. 
18. Every linear set of measure zero is contained in a linear G
0 
set 
of measure zero. 
19. If E has powerJ)J1, then the family of all infinite subsets of E
has power greater than N1. 
20. If E has power R(1 = 2
51f0 , then the set of a 11 countab 1 e subsets
of E has power ru1No
21. For every ordi na 1 number a, there exists a cardi na 1 number N .a 
22. Any two cardinal numbers a,S satisfy precisely one of the
three relations
a <s , a= s, a> s.
23. The set of all infinite increasing sequences of natural numbers
has power 21Uo .
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PROPOSITIONS EQUIVALENT TO THE CONTINUUM HYPOTHESIS 
Proposition P1. The set of all the points of the plane is a 
union of two sets, one of which intersects every line parallel to the 
y-axis in at most a countable number of points and the other intersects
every line parallel to the x-axis in at most a countable number of
points.
1° H � P1. First the following lemma will be proven without
making use of hypothesis H. 
Lemma. The set of all the points of the plane is a union of 
tv-1O sets, one of which intersects every line parallel to the y-axis 
in a set of power less than 2iU0 and the other intersects every line 
parallel to the x-axis in a set of power less than 2.A.lo
Proof. Since the real numbers can be well ordered, there 
exists a transfinite sequence 
( 1 ) t1 , t2 , . . . , t w, t w+ 1 , . . . , ta, . . . ( a < f)
formed of all the real numbers, where the order type 'I' of this sequence 
is the smallest ordinal number of the power of the continuum. 
Let P be the set of all the points (x,y) of the plane and 
designate by A the set of all the points (ta, t6
) where B �a < 'f
and 1 et B = P - A where a < B < f .
Let a be a real number. It is then a term of sequence (1), 
that is a = t where a is an ordinal number less than f. The points a 
of the set A on the line x = a are the points (ta, t6) 
where B �a < 'f.
Since 'f is the smallest ordinal number such that f :c: 2Mo , a < 2 No 
and therefore the line x = a contains less than 2 nfo roints of the set A. 
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Let b be a rea 1 number and as above, 1 et b = ts where S < f.
The points of the set B on the line y =b are the points (ta, ts)
where a < S <f. Si nee f = 2Afo , S < 2 Afo and therefore the 1 i ne y = b 
contains 1 ess than 2ft.!o points of B. The 1 emma is then proven. 
Proposition P1 follows immediately from this lemma and
hypothesis H. That H +P1 is then shown. 
2° P1 + H. Assume proposition P1 and let AUB be the decom­
position of the plane as given in P1.
Suppose E is a set of .ru1 lines parallel to the y-axis and let
N be the set of all the points of A which are on the parallel lines 
forming the set E. Since E contains Qf1 lines and every line of E
contains a set of at most a countable number of points of A, N has 
power less than or equal to %1. It follows that the orthogonal
projection TI of the set Non the y-axis has power less than or equal 
to %1 .
Now show that TI contains all the points of the y-axis. Let 
(o,b) be an arbitrary point of this axis. The line y = b contains a set 
of at most a countable number of points of B; but, this line intersects 
the parallel lines of E in a set of points of power 5l[1. Among these
points, there is then an uncountably infinite number of points which 
belong to A (since they do not belong to B) and their projection on the 
y-axis, notably, the point (o,b) belonqs to TI, according to the definition
of TI. Thus TI contains all the points of the y-axis.
The power of the set TI is then equal to that of the continuum; 
but as was shmvn above, the power of II is 1 ess than or equa 1 to Af 1.
Consequently 2Slf0 = % 1 . That P 1 + H is then shown.
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The equivalence of propositions P1 and His then established. 
From proposition P1 the following is easily established. 
Proposition P2. The plane is the union of a countably
infinite number of curves. 
Let AU B be the decomposition of the plane which satisfies 
the conditions of pronosition P1. A new decomposition of the plane is 
obtained by adding to the set A, a 11 the points of the p 1 ane v-ihose 
y-coordinate is rational, and to the set B, all the points of the plane
whose x-coordinate is rational. Thus let P = A1 U B1 v-1here the set A1 
intersects every line parallel to the y-axis in a countable number of 
points and B1 intersects every line parallel to the x-axis in a
countable number of points. The set A1, as well as the set B1, is
composed then of a union of a countably infinite number of sets, each 
of which contains one and only one point on every line parallel 
respectively to the y-axis and to the x-axis. Each of these sets is 
then a curve by the definition of a curve. That P1 � P2 is then shown.
Suppose the plane is the union of a countably infinite number 
of curves and designate by A and B the union of all the curves of the 
form y = f(x) and of the for� x = f(y) respectively. It is evident 
from the definition of a curve that the sets A and B satisfy the 
conditions of pronosition P1. That P2 � P1 is then shown.
Since His equivalent to P1 and P1 is equivalent to P2, His
equivalent to P2. 
If, in three dimensional space, a curve is called the set of 
all points (x,y,z) v-1hich satisfy t:1e equations y = f(x), z = g(x) 
or the equations x = f(y), z = g(y) or the equations x = f(z), 
y = g(z), f and g designating single valued functions of a real 
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variable, it is possible to show that H is equivalent to the following 
proposition. 
Proposition P2a. Three dimensional space is the union of a
countably infinite number of curves. 
Proposition P3. There exists an infinite sequence of single
valued functions of a real variable f1(x), f2(x), ... such that for
any uncountable set N of real numbers, all the functions of the 
sequence, except perhaps a finite number, map N onto the set e_ of 
all real numbers. 
The proof of the implication H � P3, as it appears in
Hypoth�se Du Continu is in error; a correction which is attributed to 
K. Kunugui, as it arpears in Fundamenta f1athematica XXIV (1935),
p. 321-323, also has a slight error. The following is a correction of
the modified proof which appears in Fundamenta.
1 ° H � P3. Suppose hypothesis H. There exists then a
transfinite sequence of the type rt. 
• • • ' X ' • • a . (a < rt) 
formed of all the real numbers. 
The set of all infinite sequences of real numbers, as well as 
the set of all infinite increasing sequences of natural numbers, has 
the power of the continuum and therefore, by hypo thesis H, power JL(1 .
It fo 11 ov.1s immediately from the formula JlJ � = nJ 1 , that there exists a
correspondence such that to every ordinal number a < rt corresponds an 
infinite sequence of real numbers (t�, 
increasing sequence of natural numbers 
... ) and an infinitely 
n�, . . ) such that, for 
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any infinite sequence of real numbers (x1., x2, ... ) and any infinite
increasing sequence of natural numbers (n1, n2, ... ) , there exists
an ordinal number a <rt such that the equalities xk = t� and nk = n� 
ho 1 ds for k = 1 , 2, 3,
For a a transfinite ordinal number less than rt, the set of 
all ordinal numbers y < ais countable and thus there exists an infinite 
sequence 
a a a a 
y 1 ' y,2 ' Y3 ' . . • ' Yi '
formed of all these numbers. 
i = 1, 2, 3, . . .  
Let ,Q,l = nii and designate by ,Q,� for i > 1 the first term of 1 
the sequence 
yC!- yCf, nl, ' n21 ' 
which exceeds a Thus ,Q, • 1 .1 -
( 1 ) ,Q,0; 
ya. = n , 
1 
j� 
where {j�} is a sequence of natural numbers. 
Now form a new sequence 
a a a 
111,112, ... , llk, ... 
k = 1, 2, 3 ...
by puttino 
and 
a 111 
=
a 
,Q,
a+ 11 
generally 
a a 112 
= = 11
,Q, 
2 
1 
a = 11 a + 2,Q,l 
a a 
= 
= 
= 
(2) ll a
=11a
,Q,. 1 + 1 ,Q,. 1 + 21 - 1 -
a 
Y1 
a 
11 a
,Q,2 
= 
= a 
Y2 
a 
Y,·
Let x be a given real number. There exists then a well 
determined transfinite ordinal number a < rt such that x = x . Let a 
n 
Cl 
= n a 
Q,. 
1 
= 
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fork= 1, 2, 3, .... 
The functions fk(x) (k 
= 1, 2, 3, ... ) are thus defined for 
all the real numbers x. It remains only to show that these functions 
satisfy the conditions of proposition P3.
Let N be any uncountable set of real numbers, and suppose that 
there exists in the sequence f1 (x), f2 (x), . an infinity of 
functions which do not map the set N onto the set of all real numbers. 
There exists then an infinite increasing sequence of indices m 1, m2, . .
and an infinite sequence of real numbers y1, y2, . such that 
yk l f (N). Let t1, t2, • be a sequence of real numbers such mk 
that t = y for k = 1, 2, 3, . . . Thus mk k 
(4) t ti f ( N) for k = 1 , 2, 3, mk mk
As was shown above, there exists an ordinal numberµ <� such 
that 
(5) mk = nk and yk = t�k 
for k = 1, 2, 3, 
Now let a be an ordinal number such thatµ <a <�. There 
exists then an index i such thatµ = y�. 
according to (2), 
(6) 
a a n,Q, = Y· = µ 1 
and according to ( 1 ) and (5)
a 
(7) ,Q, = ,Q,� = nYi = n
µ = m _(Y . 
1 .a .a J· J. J. 1 1 1 
It fo 11 ows from ( 5) ' ( 6) ' and ( 7) that 
Let ,Q, = ,Q,�. Then, 
Now by (3) Yi = fi(xa) and according to (7)
Y = f (x ) m .a m .a a '
J. J. , , 
which proves according to (4) that xa1 N.
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Thus x f N for a>µ, soa 
that the set N is at most countable, contrary to hypothesis. 
All the functions of the sequence f1 (x), f 2(x), ... , except
perhaps a finite number, man then the set N onto all the real numbers. 
The implication H + P3 is then shown.
0 2 P3 + H. 
numbers of power fl/ 1 . 
Suppose poroposition P3 and let N be a set of real
There exists then an index n such that fn(N) =�.
But, since fn(x) is a single valued function of a real variable
and the set N has powerJlf1, the set fn(N) has power less than or equal
to 5).J'1. Consequently 2
No �%1, which imnlies that 2
nI0 =%1. That
P3 +His then shown.
The equivalence of propositions P3 and His then established.
P1 can be obtained directly from proposition P3 as follows:
Let J designate the geometric image of the single valued n 
function f (x), that is, the set of all points (x,y) of the plane P n 
such that fn(x) = y. Let A= J1 U J2U ... and B = P - A.
Now show that A and B satisfy the conditions of P1. Since the
sequence of P3 has a countable number of single valued functions, A
intersects every line parallel to the y-axis in at most a countable 
number of points. 
Suppose B does not intersect every line parallel to the x-axis 
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in at most a countable number of points. Then there exists a line, 
y = d, intersecting B in an uncountable set M, which does not meet 
any Ji, since B = P - A. Now consider the orthogonal projection of M
onto the x-axis to an uncountable set N. Since M does not meet any 
Ji, no point of N is mapped to the point d by any function of the
sequence, contradicting the conditions of proposition P3.
Proposition P3a. There exists a function of a real variable
f(x) with an infinitely countable number of values (that is to every 
real number x corresponds a countable set f(x)) which maps every 
uncountable set of real numbers to the set e of all real numbers. 
1 ° H-+ P3a, Suppose hypothesis H. Let f1 (x), f2(x), .. 
be an infinite sequence of single valued functions of a real variable 
which satisfy the conditions of P3. Let x be a real number and
designate by f(x) the union of the sets D and T, where Dis the set of 
all natural numbers and T is the set of all real numbers which are terms 
of the infinite sequence f1 (x), f2(x), ... corresponding to the given
x. Let N be any uncountable set of real numbers. By proposition P3,
there exists a natural number n such that fn(N) = €. It follows
immediately from the definition of the function-set f(x) that fn(N)
Cf(N). ConsequentlycCf(N) which implies that f(N) =e since clearly 
f(N)C€ The function-set f{x) then satisfies the conditions of 
proposition P3a, That H -+ P3a is then sho1-m.
2° P3a-+ H. Let f(x) be the function-set which satisfies the
conditions of proposition P3a. If N is an arbitrary set of real
numbers of powerN' 1 , then f(N) =€. Nm,,, f(x) being a function 
with an infinitely countable number of values and N beina a set of 
power ru1 , the set f(N) has power n.{1. The set � then has prn1er SU1
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whi ch implies that 2 S'U 0 = S1)1. That P3a + H i s then shown.
The equi valence of proposi ti ons P3a and His then establ i shed.
Proposit i on P 4. There ex i sts a system of sets A
i (where i is
X 
a natural number and x i s a real number) such that 
( 1 ) e_ = U Ai for i = 1 , 2, 3, 
xr:t X 
( 2) A! n A� = 0 for x "f y, i = 1 , 2, 3, . . . 
(3) N bei ng any uncountable set of real numbers, there exists
a natural number p such that for i > p and for every real number x 
the set N n A! "I 0. 
1° H + P4. Suppose hypothesis H. Let f1(x), f2(x), ... be 
an i nfi nite sequence of s i ngle valued functi ons sati sfying proposi ti on 
Let i be a natural number and x a real number and put 
(4) A!= l t/f
i
(t) = x} .
It is ev i dent that the system of sets Ai satisfi es cond i t i ons
X 
(1) and (2), s i nce accord i ng to (4), t€A+.(t) for every real number
1 . . 
t and every natural number i , and the formula t € A� n A; i mplies 
f
i
(t) = x and fi(t) = y which i mnlies that x = y.
Now let N be any uncountable set of real numbers. Accord i ng to 
the property of the infi nite sequence f1(x), f2(x), . there exi sts
an index p such that f.(N) = € for i > p. For every natural number 
1 -
i � p, and every real number x there exists then a number t! of N such 
that f
i
(t!) = x. It follows according to (4), that t! � A! which proves
that Nt1A! "I 0 for i > p. That H + P4 i s then shown.
0 2 P4 + H. Sunpose propos i tion P4 and let N be a set of real
14 
numbers of powerAf
1
. Accordinn to (3) there exists an index i such 
that the set N n A! f 0 for x a real number. It follows from equation 
(2) that the set N has at least one point in common with every set of
a family of 2 ru 0 disjoint sets. Thus N has power greater than or
equal to 2 %0; but, by hypothesis, N has po\'1erru
1 
which implies that
2 N° <SU,, and consequently, 2nic = SU 1. That P4-+ H is then shown.
The equivalence of propositions P4 and His then established.
Observe that condition (3) of proposition P4 is equivalent
to the following condition (31 ). 
(31 ) N being any uncountable set of real numbers, there exists 
a natural number p such that for i .:': p and for every real number x, 
the set N n A! is uncountable. 
It is sufficient to show only that (3)-+ (31 ). 
Let A! be a system of sets which satisfies condition (3) and 
let N -b€ any uncountable set of real numbers of power ;v 1 . The set N 
is evidently the union of an uncountable family of uncountable 
disjoint sets, so that N_= Na where the Na(a < rt) are uncountable sets a�2 
and Na n NS = 0 for a < S <rt.
Since the system of sets satisfies condition (3), there exists 
for every ordi na 1 number a < rt a natura 1 number p such that a 
Na n A! t 0 for every natural number index i .:': p and every real 
number x. Since the set of natural indices is countable and the set 
of ordi na 1 s a < rt has po\'1er ru
1 
, there is an uncountab 1 e number of terms 
of the transfinite sequence {p} (a <St) which are equal to the same a 
natural number. There exists then a transfinite increasing sequence 
of ordinal numbers { a }(y <rt) such that p = p fory <rt. It follows y ay . 
from the definition of the number p
a 
that Nan A: f 0 for i .:': p
a 
= p for 
1 5 
every real number x. The sets A! have then, for i .:.. p and x real, 
at least one point in common with every N
a
y where y <�. These last 
sets being disjoint and contained in N, it follows for i .:.. p and for 
every real x that the sets NnA! are uncountable. The system of sets 
A! thus satisfies condition (31). 
It is also possible to prove that condition (3 ) is equivalent 
to the following condition (311 ). 
(311) For any infinite increasing sequence of natural numbers 
(n1,n2, ...)
the sete°-(A
n1
x,
and any infinite sequence of real numbers (x1, x2, ... ),
U A
n2 U ... ) is at most countable.x2 
Let A! 
let(n1, n2,
be a system of sets which satisfies condition (3), 
.) be any infi nite increasin9 sequence of natural 
numbers, and let (x1, x2, .. ) be any infinite sequence of real
numbers. Suppose the set N = @: -(A
n 1 U �t2 U . . ) is uncountable.
Xl Xz 
According to condition (3), there exists a natural number p such that 
N n A! 1 0 for x real and for i .:.. p. The infinite sequence of 
indices (n1, n2, .. ) being increasing, there exists a natural
number k such that nk � p.
definition of the set N. 
nk Thus the set N n Ax 1 0, contrary to the
k 11 This shows that (3) + (3 ). 
Now let Ai be a system of sets w 11ich satisfies condition
X 
(311) and let N be any uncountable set of real numbers. Suppose 
that N does not satisfy condition (3). There exists then for every 
natural number p a  natural number n >p and a  real number x such
p - p 
that N n A�P = 0. Since np � p for p = 1, 2, 3, ... , the sequence 
p 
of indices (n1, n2, ... ) has no largest element, and thus, it is
possible to extract from the infinite 
of the sets A
n
; an infinite x. , sequence 
1 
sequence of indices (n1,
of natural numbers (nk , 
1 
n2' . . . )
nk ' . . . ),2 
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fori= l,2,·3, .... Thus 
& 
nk1 
nk 11 NCc - (Ax U Ax 2 U ... ), contrary to condit i on (3 ).kl k2
This shows that (311) + (3) and consequently the equi valence of (3) 
and (311) i s establ i shed.
Proposi tion P4a. There exi sts a system of sets
i s a natural number and 
( 1) 
( 2) 
e = U A i
Xft 
X 
Ai n Ai =
X y 
0 
x is a real number) such 
for i = 1 ' 2' 3' 
for X 'f y' i = 1, 2, 3,
(3a) For any real number x, the sett -
countable. 
that 
00 
A i u 
i =l X 
Ai 
X 
(where i
is at most 
1
° H � P4a. It was shown above that H + P4 and that cond i t i on
(3) of proposi tion P4 i s equivalent to cond i tion (3
11). Every
system of sets A! which sat i sf i es condit i on (311) clearly sati sf i es 
condit i on (3a). It follows then that P4 + P4a anct thus H � P4a.
0 2 P4a + H. Let N be any uncountable set of real numbers of
power Af1.
every rea 1
i 
According to condi tion (3a), Cu A!)nN :/�.so that 
i =l 
number x there exi sts a natural number ix such that
for 
N n A/:/ 0 Des i gnate by Xk the set of all real numbers such that
i x = k, so that � = U Xi . But, by decompos i ng a set of power ofi = 1 
the continuum into a countably inf i nite number of sets, at least one 
of these sets has the power of the continuum. There exi sts then a
natural number p, such that the set Xp has pm,1er 2
%0 • By the definit ion
of the set X
P
, i x= p for x EXP
, then, by the defini tion of i x,
Nn A�:/�- Thi s proves by condition (2) that the set N contains a set 
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of power equal to that of Xp. But, since the set N has the power
N, and the set Xp has the power 2
Af0 
, 2Slf0 -2 % 1 which implies that
2Afo =,%1. That P4a �H is then shown.
The equivalence of pronositi ons P4a and H is then established.
Note that not only are conditions (3) and (3a) not equivalent, 
but condition (3) is not even a consequence of conditions (1), (2), 
and (3a). 
To show this, sunpose that there exists a system of sets 
Ai for which conditions (1), (2), and (3a) hold; then define another X 
system of sets A! which satisfi es conditions (1), (2), and (3a) but 
does not satisfy condition (3). For i = 1, 2, 3, ... and for every 
*2i i *2i-l real number x, let Ax = Ax and designate by Ax the set formed of
the single element x. Clearly for every i = 1, 2, 3, . . .  the 
*" *' *' formu 1 as e = U A 1 and A 1 n A 1 = 0, where x 1 y, ho 1 d. 
X�e X X y *' 
sets A: then satisfies conditions (1) and (2). Since 
The system of 
00 , 00 *'
U A 1 (U A 1 
. 1 X • 1 X 1 = 1 = 
*' 
for every real number x, the system of sets A: also satisfies condition 
a *i (3 ). However, the system of sets Ax does not satisfy cond i tion (3),
si nee the set A: U A; U . is, for every rea 1 number x, formed of 
a single element. 
Observe that proposition P4a also follows from hypothesis H
and from the followin� theorem of M. S. Ulam (the proof of which does 
not require hypothesis H).1 
Z being any set of power�,, there exists a system of sets
A� CZ, where i is a natura l number and y is any ordinal less than 
�, such that 
\1. Sierpinski, Fundamenta t1athematica, XX, p. 214 (Lemma I), 
JD. W. Sierpinski, Hypothesi s of the Continuum, Hafner Publishing 
Comp any, New York, 1934. 
( i ) Z = U A; for i = 1 , 2, 3, . 
y < Si y 
(i i) Ai n .A i = 0 for i = 1 , 2, 3, 
Y n
. and y < n < r2. 
00 • 
(iii) 
countable. 
For any ordi nal y<rl,the set Z - U A1 is at most 
i=l y 
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Proposi ti on P5. There exists an i nfi ni te sequence of functions
of a real var i able f1(x), f2(x), . . .  such that for any i nf i nite
sequence of real numbers (y1, y2, . . .  ), to every value of x, except
perhaps a set of at most a countable number of values [wh i ch depends 
on the sequence (y1, y2, .)], corresponds an i nfini te increas i ng
sequence of i ndi ces ( k1 , k2, . ) [dependi ng on x and the sequence
(y
1
, Y2, . . .  )] which satisfi es the equali ty
(l) fk_(x) = Yk. for i = l, 2, 3, . .
1 1 
0 1 H + P5. Proposition P3 i s equivalent to hypothes i s H, so let
f1(x), f2(x), . be an i nf i nite sequence of functi ons sati sfyi ng
propos i t i on P3. Let (y1, y2, . . . ) be any i nf i ni te sequence of real
numbers. If, for a f i xed real number x, there does not exi st any 
i nfini te i ncreasing sequence of indices (k1, k2, . . .  ) such that (1)
holds, then clearly there exi sts a natural number qx such that
for k > q - X 
Now let N be the set of all real numbers x for whi ch (2) holds. Then 
to establi sh proposi tion P5, it suffi ces only to show that the set N
i s at most countable. 
Suppose on the contrary, that N is uncountable. The set D 
of all natural numbers bei ng countable, there exi sts a natural number 
19 
q such that the equality qx = q holds for x an, element of an uncountable
subset N
1 
of N. Since the infinite sequence of functions f1(x), f2(x),
... satisfies the conditions of propositions Pj, there exists a 
natural number p such that fk(N
1
) = � for every k � p. Thus yk e fk (N1)
for k� p, so that, for every natural number k � p, there exists a
number xk E N1 such that
But this is impossible, for the definition of the set N
1 
implies, 
for the number xk E N1 in question, the equality qxk = q for any
k � p. Therefore, according to (2), since N1 C N, fk
(xk) 1 yk for
k 
> max (p,q) which is incomratible with (3). So the set N cannot
be uncountable and consequently the implication H + P5 is established.
Proposition P5a. There exists an infinite sequence of
functions of a real variable f
1 
(x), f2(x) ... such that for any
real number y, the sequence f1 (x), f2(x), . . contains for every
value of x, except perhaps a set of at most a countable number of 
values (which depends on y), an infinity of terms equal to y. 
1° H + P5a. Proposition P5a follows immediately from
proposition P5 by letting yi = y for i = 1 , 2, 3, .... 
2° P5a + H. Let f1(x), f2(x), . be an infinite sequence 
of functions of a real variable satisfying the conditions of proposition 
P 5a. Let N be a set of rea 1 numbers of pov,er n.r1 and 1 et y be any rea 1
number. According to the property of this infinite sequence of functions; 
there exist systems (x, p), where x EN and p ED, such that fp(x) = y.
Since the set of real numbers y has power 2 fl.1° and since the systems
(x,p) and (x 1 ,p
1 ) are necessarily distinct if fp(x); fp1(x
1 ), the set
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of all the systems (x,p) where x E- N and p ED, also has power 2 .N° . 
But, N having power llli the system of sets has pm\ler Sl,f1 "l(J O = W1.
Therefore 2 SUo = ru, . 
The equivalence of propositions P5, P5a, and H is then
established. 
Proposition P5b. There exists a family F of power of the
continuum of infinite sequences of real numbers such that, for any 
infinite sequence (y1, y2, ... ) of real numbers, the set of all
infinite sequences of the family F, such that 
y k f xk for k = 1 , 2, 3, . . . , 
is at most countable. 
1
° 
H + Psb· Suppose proposition P5 and let f1 (x), f2(x), .
be any infinite sequence of functions satisfying the conditions of 
proposition P5. Designate by F the family of all the different
infinite sequences f1(x), f2(x), ... , where x takes on all real
values. Since the set of all infinite sequences of real numbers, where 
each sequence is composed of a single element, as well as the set of 
all infinite sequences of real numbers have the power of the continuum, 
it follows from proposition P5 that F has power of the continuum.
But, for any infinite sequence of real numbers (y1, y2, . .),
proposition P5 implies that the set of all real numbers x such that
. , is at most countable. It follows 
immediately that F satisfies the conditions of pronosition Psb· There­
fore P5 + P5b, which implies that H + Psb·
2° P5b + H. Let F1 be a subset of power 0J1 of the family F.
The set X of all real numbers which are terms of at least one sequence 
appearing in F1 has pov,er less than or equal to N 1.
fk(x)-:/ yk, fork= 1, 2, 3, .. 
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If S1J 1 < 2 �0, then there exists a real number y which does
not be 1 ong to X. Thus for any infinite sequence ( x1 , x2, . . .)
belonging to F1, xi ! y for i = 1, 2, 3, ... ; but, by putting yi = y
for i =l,2,3, . ' this contradicts proposition P5b· Therefore 
S<.J 1 � 2
lllo which implies thatm, = 2S1Jo. 
The equivalence of propositions P5b and H is then established. 
Proposition P6. The set of all real numbers is a union of
countable increasing sets. 
1 ° H � P6. Hypothesis H implies the existence of a transfinite
sequence of the type D of all real numbers. Consider the family of all 
infinite segments of such a transfinite sequence. These segments are 
countable by the definition of D and thus satisfy P6.
2° P6 � H. Let N be any set of real numbers of power SV1 and
let F be the family of countable sets satisfying proposition P6. To
every real number x corresponds a countable set D(x) of the family F 
such that x c D(x). Let S be the union of all the sets D(x) corres­
ponding to the numbers x EN. The set S evidently has power S)j1. Now
let x
0 
be an arbitrary real number. The set D(x
0
) being countable and 
the set S being uncountable, there exists a number y � S which does not 
belong to D(x0). But by the definition of S, there exists in N a  number 
x such that y E D(x) and D(x) C S. But y ¢ D(x0) so D(x0) C D(x), 
since one of the sets D(x) and D(x
0
) is contained in the other by the 
definition of F. Since x
0 
E D(x
0
) and D(x
0
) C D(x) CS, x
0 
e S. The 
set S, which has power Slf 1 , contains every real number, so that 2 No .3 %1
and consequently 2S'Uo = 5lJ 1.
The equivalence of propositions P6 and H is then established.
Proposition P7. If Eis any non-empty set and F is a family of
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subsets of E of power less than or equal to 2 .%0, such that E is not 
the union of ru0 sets of the family F and at most a countable set, then 
E contains an uncountable set N which intersects every set of the 
family Fin at most a countable number of points. 
1° H � P7. Let E be any non-empty set and Fa family of power 
less than or equal to 2 Ne of subsets of E, such that E is not the 
union of nf0 sets of the family F and at most a countable set. Consider 
the transfinite sequence 
formed of all the elements of the set E. The family F being of power 
less than or equal to 2No, and thus of power less than or equal to 
ru,' there exists a transfinite sequence of the type Q
( 2 ) E 1 ' E 2 ' . . 
. ' E w ' E w+ 1 ' • •  , E , • • •  (a <Q)a 
formed of all the sets of the family F (in the case where this family 
is of power less than 51J,, the sequence can be completed by repeating 
transfinitely any term of this sequence). 
Define now, by transfinite induction, a transfinite sequence 
{ pa} (a <Q) of elements of E as follows: Set p1 = x1 and designate
by P the set of all the p where 1 �Y <a for a < Q. Leta Y 
(3) S = U E a
Y� a Y
By the hypothesis imposed on the family F, E 1 S UP , sincea a-
s is the union of a countably infinite number of sets of the family Fa 
and the set P is at most countable. But, since (SUP ) CE,a a a 
E - (S UP ) 1 0 so that there exist terms of the sequence (1) whicha a 
do not belong to S UP . Let x be that term whose index is the smallest.a a a 
( 1 ) x1 , x2 , x3 , . . . , X , w x w+ 1 ' . . . ' \ x' . . . ( a < f) 
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The transfinite sequence ( x } ( a < s-2) is thus a 1 so defined by
Cl 
transfinite induction. 
Let N be the set of a 11 the terms of the sequence { x } . N is 
Cl 
an uncountable set of elements of E, for if N were countable, then 
there would be an element x
6 
of (1) such that x
6 
> xa' for all
xa EN, and thus P
B 
would contain all the terms of N.
Now let Q be any set of the family F. It is then a term of 
sequence (2) and consequently Q = Eµ for µ < s-2. According to the
definition of the transfinite sequence {x }, x t E - (S UP ) 
Cl Cl Cl Cl 
which implies that xa 4: Sa for a <s-2 and consequently that xaf El.1
for µ�a < s-2. Thus the terms of the transfinite sequence { x }
Cl 
which belong to E have indices a <µ and this set of terms is at
)J 
most countable. It follows that N n E = N n Q is at most countable. 
)J 
But since Q is an arbitrary set of the family F, the set N satisfies 
proposition P7. That H � P7 is then shown.
2° P7 � H. Suppose that N1 < 2
l'.fo which implies that
\u 2 < 2 ru0 • Let Ebe a set of power QJ2. The elements of E can
then be arranged in a transfinite sequence 
( 4) x1 , x2 , · · ' x w' x w+ 1 ' · · · ' xs-2 ' ><s-2+ 1 ' · · · '
of the type w2, where w2 is the smallest ordinal number of the fourth
class of Cantor. 
Let F be the family of all segments of the sequence (4). 
F is evidently of power %2, and thus by hypothesis, of power 1 ess than
or equal to 2SU0 • But, every set of F, considered as a segment of 
sequence (4), is of po\'1er less than or equal to Af,. Thus the set E is 
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not a union of �sets of the family and of at most a countable set 
(since nr, ·mo = N1 <N
2
)· · By proposition P7 there exists then an
uncountable subset N of E which intersects every set of the family F 
in at most a countable number of points. 
Now consider a subset N1 of N of powerN1 and let \x ( y <�)
be the terms of sequence (4) which belong to N1. Since c\ < w2 for
y < � , there exists an ordi na 1 number a < w2 such that a > ay for
y 
< �. Then the segment· of sequence ( 4), which corresponds to the 
element xa' contains all the elements of N1 and thus a countably
infinite number of elements of N. But this is incompatible with the 
property of the set N, for the segment in question belongs to F. 
Therefore 2 N° = $'lj 1 .
The equivalence of prooositions P7 and H is then established.
Proposition P8. The following two statements together are
equivalent to hypothesis H. 
(K) Every linear set of power less than that of the continuum
is of the first category of Baire. 
(L) There exists a linear set N of power of the continuum which
intersects each linear perfect nowhere dense set in at most a countable 
number of points. 
1 ° H � P8. Clearly H � (K), since by assumin9 hypothesis H,
every set of power less than that of the continuum is at most countable 
and therefore of the first cateqory of Baire. 
Now let E = € and let F be the family of all linear perfect 
nowhere dense sets. F has power less than or equal to 2 N° . If E 
is the union of 9J 
O 
sets of F and at most a countable set, then E is a 
countable union of nowhere dense sets in union with at most a countable 
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union of nowhere dense sets which is a countable union of nowhere dense 
sets. But cl early � is not of the first category of Bai re. Therefore 
the family F satisfies proposition P7. But, according to this
proposition, there exists an uncountable subset N of E, by hypothesis 
H of power 2No, which intersects each set of the family F in at most 
a countable number of points. 
2° Pg+ H. Let N be a set satisfying statement (L). The
set N intersects every linear set of the first category in at most a 
countable number of points, for every set of the first category is 
contained in a countable union of nowhere dense perfect sets. Now let 
N1 be a subset of N of power )I) 1. If JlJ1 < 2 .Afo, the set N would be,
according to (K), of the first category of Baire and thus the set N1 n N
would be at most countable. But this is imrossible, since N1 C N
and Nl has power ru,. Therefore )lj l .:._ 25'\Jo and thus SH l = 2 Ne.
The equivalence of propositions Pg and H is then established. 
Proposition Pga· The following two statements together are 
equivalent to hypothesis H. 
(R) Every set of po"'1er 1 ess than that of the continuum has
measure zero. 
(S) There exists a linear set N of power of the continuum
which intersects each set of measure zero in at most a countable 
number of points. 
1° H + Pga· Clearly H + (R) since every set of power 
less than 2 No is at most countable and therefore of measure zero.
Now suppose proposition P7 and show P7 + (S). Let E = �
and let F be the family of all linear G
0 
sets of measure zero. 
F has power 2 Sl1o. Any set of' at most a countable number of points, 
26 
as well as the union of a countably infinite number of sets of measure 
zero, have measure zero. Therefore family F satisfies proposition P7. 
But, according to this p;oposition, there exists an uncountable subset 
N of E, by hypothesis H· of power 2 9J0, which intersects each set of 
the family in at most a countable number of points. Since every linear 
set of measure zero is countained in a linear G0 set of measure zero, 
the set N intersects each linear set of measure zero in at most a 
countable number of points. 
2° P8a + H. Let N be any set satisfying statement (S) and let
N
1 
be a subset of N of power S'\J
1
. If))(1 < 2 Sl.1°, the set Nl would
be, according to (R), of measure zero and thus the set N
1 
n N would 
be at most countable. But this is impossible, since N1 C N and N1
has power \\1,. Therefore ru, 2:.. 2fl\,)and thus )U
1
= 2 )1.J()_ 
The equivalence of propositions P8a and H is then established. 
Proposition Pg. Each set of pm'ler )\$
1 
is not a union of more 
than 5'V
1 
infinite sets, such that t1e intersection of any two sets of 
the union is a finite set. 
1
° H + Pg. Let E be a set of power N1 and Fa family of power 
greater than.%
1 
of infinite subsets of E. 
To each set N of the family F corresponds a countable set 
D(N) contained in N. But E, by hypothesis H, contains only 
ru/1Jo = 2 ru 0 = )()
1 
countable subsets and since the power of the family 
Fis greater than 5U0 , the inequality D(N
1 ) t D(N1 1) does not hold for 
every pair N 1 t N11 of sets of the family F. There exist then two 
distinct sets N1 and N11 such that D(N1 ) = D(N11 ) which implies that 
there exist two distinct sets with an infinity of elements in common. 
It is thus shown that there does not exist any family F of nower greater 
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than �l of infinite subsets of E such that the intersection of any two
sets of the family is a finite set. That H-+ Pg is then shown. 
0 2 Pg-+ H. Let E be the set of all ordinal numbers 1 es s than 
rl. Let every infinite sequence of increasing natural numbers n1 < n2 <
n3 . correspond to the set D ( n 1 ' n2' n3, . . ) of natura 1 numbers
where k = 1, 2, 3, ... 
Now, if (m1 , m2' . ) and (n1, n2, . ) are two infinite 
increasing sequences 
the sets D(m1, m2,
number of elements in 
fork� p and i � p 
2
ml + 2
m2 +
of natural numbers, different from one another, 
. ) and D(n1, n2, .) have at most a finite 
common. To show this suppose mp t- np. Then
mp . + 2 + .
since each natural number has a unique representation in base 2 and 
consequently the sets D(m1, m2, ... ) and D(n1, n2, ... ) have less
than p elements in common. 
Let F be the family of all sets D(n1, n2, ... ) corresponding
to all infinite increasing sequences (n1, n2, . ) of naturals. F is 
then a family of power 2 N °. Let S be the union of all the sets of
the family F. It is evidently a subset of E. Since E = S U(E-S ), it 
follows immediately that E is a union of 2 ru-:i infinite sets, such that 
the intersection of any two sets has at most a finite number of elements 
in common. The set E bei nq of power N 1 , E is not, accordi n9 to pro­
position Pg, a union of more than )L\1 sets of this kind. It follows that
2No -5- rt}1 which implies 2
S'u0 = Sll1. That Pg-+ H is then shown.
The equivalence of propositions Pg and H is then established. 
/1 + l2 + ... + /k 
n1 n2 np nt 2 +2 + . . . +2 + .. . +2, 
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